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Background

* Need for uncertainty Quantification- Prediction with confidence

* Conformal prediction:
* Distribution Free
* Model Agonistic

* Prior works used Conformal Prediction on the output space

* Claim: Using Conformal prediction on feature space, output band
size decreases



Setting

* Data Pair: (X,Y)~7P
e Confidence Band: Ci_.(X) P(Y €Ci_a(X)) >21—-a.
* Overall Dataset: D = {(X;,Yi)}iez

Dy = {(Xi,Yi)tiez,  Da={(Xi,Yd)}bier.
* Testing Point: (X, Y’)

(X%

Algorithm 1 Conformal Prediction

Require: Desired confidence level «, dataset D = {(X;,Y;) }icz, test point X', non-conformity
score function s(-)

1: Randomly split the dataset D into a training fold Dy £ (X;,Y;):cz, and a calibration fold
Dea = (Xi, Ys)iez.s

2: Train a base machine learning model ji(-) with D;, to estimate the response Y;;

3: For each i € Z,, calculate its non-conformity score V; = s(X;, Y3, f1);

4: Calculate the (1 — a)-th quantile Q)1 _, of the distribution ﬁ > icr.. OV + 000

Ensure: C;_(X')={Y :s(X",)Y, ) < Q1_4}




General Conditions of Conformal Prediction

Assumption 1 (exchangeability). Assume that the calibration data (X;,Y;),% € 1., and the test
point (X',Y") are exchangeable. Formally, define Z;,i = 1,...,|L.. + 1|, as the above data pair,
then Z; are exchangeable if arbitrary permutation leads to the same distribution, i.e.,
d
(Z1, s Z)741) = (Zn(1)s -+ o s Zr(|Toa|+1))5 (2)

with arbitrary permutation 7 over {1,--- ,|Z., + 1|}.

Theorem 2 (theoretical guarantee for conformal prediction (Law, 2006; Lei et al., 2018; Tibshirani
et al., 2019)). Under Assumption the confidence band C1_,(X') returned by Algorithm satisﬁes

P(Y' €Ci_o(X')>1—a.



Method: Setup

* Assume the mean estimator to be a composition of 2 functions

Definition 3 (Surrogate feature). Consider a trained neural network j1 = g o f where o denotes the

composition operator. For a sample (X,Y), we define © = f (X)) to be the trained feature. Besides,
we define the surrogate feature to be any feature v such that G(v) =Y.

. X,Y, g ) = inf _ f(X)||. Intractable. Why?
* Proposed NC Score: $(X:Y:g0f)= _ inf  [lv—f(X)I

* Take Upper Bound of NC Score: Algorithm 2 Non-conformity Score
Require: Data point (X, Y'), trained predictor
go f(), step size 7, number of steps M
s u e f(X);
:m <« 0;
: while m < M do

1
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3 ~ 2
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. m<+— m+1;
: end while X X
Ensure: s(X,Y,go f)=|u— f(X)|.




Band Estimation and Overall Algorithm

* NC score-> Feature Space. How to transfer the score to the output
space? {9(v) : v — 9] < Q1-a},

* Band Estimation (LIRPA):

* Treat as perturbation analysis problem
* Treat v as perturbation of trained feature ¥
* Analyze the output bounds of g(.)

Algorithm 3 Feature Conformal Prediction

Require: Level o, dataset D = {(X;,Y;)}icz, test pomt X’
1: Randomly split the dataset D into a training fold Dy, £ (Xz, Y;)icz, together with a calibration
fold Dca - (XMY)%EI .
Train a base machine learning model § o f(-) using Dy to estimate the response Y;;
For each ¢ € Z.,, calculate the non-conformity score V; based on Algorithm
Calculate the (1 — «)-th quantile Q) _,, of the distribution ﬁ > icz.. Ovi 0005
Apply Band Estimation on test data feature f(X’) with perturbation (); _, and prediction head
§, which returns C° _(X);

Ensure: C;*°_(X).




Theoretical Guarantee

Theorem 4 (Informal Theorem on the Efficiency of Feature CP). Under mild assumptions, if the
following cubic conditions hold:

1. Length Preservation. Feature CP does not cost much loss in feature space.

2. Expansion. The Band Estimation operator expands the differences between individual
length and their quantiles.

3. Quantile Stability. The band length is stable in both the feature space and the output space
for a given calibration set.

then Feature CP outperforms vanilla CP in terms of average band length.
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Background

* Band Estimation:
* Time-consuming
* Only returns estimated bands on the output space

sf(X,Y,goh) = inf |lv — ||

. v . ~\v _ dgoh(X)
ve{v:g(v)=Y} 'L’ff{Xs Y, go h’) IY f{X)V"vQ(?)H vg(‘i’} dh(X)

{9(v) : o — o] < Q1-a}. Cr(X) = [9(9) = [V9(0)|1Q1-as 9(2) + [IV9(2) [ Q1—a]



Overall Algorithm

Algorithm 2 Fast Feature Conformal Prediction

Input: Confidence level o, dataset D = {(X;,Y;) }iez, teqing point X'
1: Randomly split the dataset D into a training fold Dy, = {(X;, Y;)}icz. and a calibra-
tion fold Dy 2 {( X, Yi) biez,
2: Train a base neural network with training fold f(-) = g o h(-) with training fold Dy,;
3: For each i € Ty, calculate the non-conformity score R; = |Y; — f(X)|/||[Vg(9:)]],

where Vg(#;) denotes the gradient of g(-) on the feature ©; = h(X;), namely Vg(#;) =
dgoh(X;),
dh(X;)

4: Calculate the (1 — a)-th quantile (), _, of the distribution |L;|+l Zf'::JTq_-_gl Og, + 0o

Uutpl{lt )CH“" 2(X) = [J(X) = IVg(@)|Q1-as F(X) + [Vg(&)][Qi-al, Where &' =
h(X'

Theorem 5 (Band Length). Under mild assumptions, if the following square conditions
hold:

1. Expansion. The feature space expands the differences between individual length and
their quantiles.

2. Quantile Stability. Given a calibration set D, the quantile of the band length is
stable in both feature space and output space.

Then FFCP provably oulperforms vanilla CP in terms of average band lengith.
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Feature CQR

Algorithm 4 Feature Conformalized Quantile Regression (Feature CQR)

Require: Level o, dataset D = {(X;, Y;) }ic 7, test point X',

7:
8:

f~'-»1.:'1r11.']{:rm]:»_.f split the dataset D into a training fold D, = (X, Y;)icz, together with a calibration
:I-{}]d ‘Dca — {.:1:1.:, Fﬂ.}'ﬂ-f_.ﬂ;i

. Train a base machine learning model §' o f%°(.) and §" o fM(.) using D, to estimate the quantile

of response Y;, which returns |f‘rf:"'“r y

: For each i € T, calculate the index r'“ = {fE'“ <Y)and el = l[[ﬂ“’l =Y,

For each i € T_,, calculate the non-conformity score V* = f’?ﬂﬂf where ':’_}'“ is derived on the
lower bound function with A]Eurithm 2;
Calculate the (1 — a)-th quantile Q7 _, of the distribution ﬁ D e, dyo + Ooo;

. Apply Band Estimation on test data feature f'°(X’) with perturbation Q" _ and prediction head

§'", which returns |C;”, CY°];
Apply STEP 4-6 similarly with higher quantile, which returns |C},

Derive Cﬁ:q . (X') based on Equation (12);

Ensure: C fcqr (X).
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